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Renormalized scalar propagator around a dispiration

V. A. De Lorenci* and E. S. Moreira, Jr.†
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The renormalized Feynman propagator for a scalar field in the background of a cosmic dispiration~a
disclination plus a screw dislocation! is derived, opening a window to investigate vacuum polarization effects
around a cosmic string with dislocation, as well as in the bulk of an elastic solid carrying a dispiration. The use
of the propagator is illustrated by computing vacuum fluctuations. In particular it is shown that the dispiration
polarizes the vacuum giving rise to an energy momentum tensor which, as seen from a local inertial frame,
presents nonvanishing off-diagonal components. Such a new effect resembles that where an induced vacuum
current arises around a needle solenoid carrying a magnetic flux~the Aharonov-Bohm effect!, and may have
physical consequences. Connections with a closely related background, namely the spacetime of a spinning
cosmic string, are briefly addressed.
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I. INTRODUCTION

Computations on quantum fields in locally flat bac
grounds with linear defects not only are an interesting ma
of principle but may also be useful in physical contexts
different as cosmology~the gravitational background of
cosmic string@1#! and condensed matter physics~the effec-
tive geometry associated with linear defects in solids@2,3#!.
The nontrivial global geometry of the locally flat backgrou
around a linear defect induces vacuum polarization@4–6#.
Casimir-like effects near cosmic strings and in the bulk o
solid carrying a linear defect have been investigated throu
out the years in a variety of situations~see e.g.@7–11#!. The
literature addresses mainly conical defects appearing in
nection with the geometrical background of an ordinary c
mic string @1#, and of a disclination in a continuous elast
solid @2,3#.

This work begins an investigation of quantum field theo
effects in a spacetime with a cosmic dispiration. Class
fields were recently considered in Ref.@12#, and investiga-
tions on quantum theory in related backgrounds have b
carried out in Refs.@13–16#. In Ref. @17#, it has been con-
jectured that the geometry associated with a cosmic disp
tion may correspond to the gravitational field of certain c
ral cosmic strings@18#.

The geometry that arises in the context of general rela
ity @17# as well as in the Einstein-Cartan theory@19–21# is
presented in the next section. In Sec. III, the proper ti
expression~see e.g.@22#! of the Feynman propagator for
scalar fieldf(x) in the four-dimensional spacetime of a co
mic dispiration is obtained. Additional manipulations yield
propagator which is renormalized with respect to t
Minkowski vacuum. This renormalized propagator is th
used in Sec. IV to evaluate the vacuum fluctuations^f2& and
^Tm

n& in the limit of small masses. Section IV also contai
a detailed analysis of the behavior of^f2& where disclination
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and screw dislocation effects are confronted. Final rema
are outlined in Sec. V, including a short discussion on glo
hyperbolicity in the context of a related background.

Throughout the textc5\51.

II. THE GEOMETRY

The geometry of the spacetime of a cosmic dispiration~a
cosmic string with dislocation@17#! is characterized by the
Minkowski line element written in cylindrical coordinate
@17,19#,

ds25dt22dr22r 2dw22dZ2, ~1!

and by the identification

~ t,r ,w,Z!;~ t,r ,w12pa,Z12pk!, ~2!

wherea and k are parameters corresponding to a disclin
tion and a screw dislocation, respectively. By defining n
space coordinatesuªw/a and zªZ2(k/a)w, Eq. ~1! be-
comes ds25dt22dr22a2r 2du22(dz1kdu)2, and the
usual identification (t,r ,u,z);(t,r ,u12p,z) must be ob-
served. The case for whicha51 and k50 clearly corre-
sponds to the Minkowski spacetime.

In the context of general relativity Eq.~2! encodes the fac
that Eq. ~1! hides a curvature singularity on the symmet
axis.~In the Einstein-Cartan theory there exists also a tors
singularity on the symmetry axis, whenkÞ0.!

III. THE RENORMALIZED PROPAGATOR

The Feynman propagator for a scalar field with massm in
the background described above is a solution of@4#

~hx1m2!GF ~x,x8!52
1

r
d~x2x8!, ~3!

wherehx is just the d’Alembertian in Minkowski spacetim
written in cylindrical coordinates. By taking into account E
~2!, the non-trivial geometry manifests itself only through
©2003 The American Physical Society02-1
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GF ~w12pa,Z12pk!5GF ~w,Z!, ~4!

where the other coordinates were omitted.
The eigenfunctions of the operatorhx1m2, which are

regular atr 50 and satisfy Eq.~4!, are given by

cv,m,n,n~x!5
1

~2p!3/2a1/2
Jun2nku/a~mr !ei [nZ2vt1(n2nk)w/a] ,

~5!

where n is an integer,v and n are real numbers,m is a
positive real number andJs denotes a Bessel function of th
first kind. The corresponding eigenvalues areEv,m,n5m2

1n22v21m2, and a convenient~but rather unusual! nor-
malization has been used@23#.

Using the Bessel functions completeness relation@24#

E
0

`

dk kJs~kr !Js~kr8!5
1

r
d~r 2r 8!,

and the Fourier expansion~Poisson’s formula!

(
n52`

`

d~u12pn!5
1

2p (
n52`

`

einu, ~6!

direct application ofhx1m2 shows that@23#

GF ~x,x8!52 i E
0

`

dT (
n52`

` E
2`

`

dvE
2`

`

dnE
0

`

dm

3me2 iTEv,m,ncv,m,n,n~x!cv,m,n,n* ~x8!, ~7!

where the integration overT is regularized by subtracting a
infinitesimal imaginary term fromEv,m,n . Evaluating the in-
tegrations overv andm @25#, Eq. ~7! yields

GF ~x,x8!52
~ ip!1/2

16p3a
E

0

` dT

T3/2
ei $[ r 21r 822(t2t8)2]/4T2m2T%

3E
2`

`

dne2 iTn21 i [(Z2Z8)2k(w2w8)/a]n

3 (
n52`

`

I un2nku/a~rr 8/2iT !ein(w2w8)/a, ~8!

whereI s denotes a modified Bessel function of the first kin
In order to tackle renormalization, a convenient integ

representation forI s @25# is used to obtain the equality,
12400
.
l

(
n52`

`

I un1bu/a~y!eind/a

5aeycosd2 ibd/a2
1

pE0

`

dt e2ycosht

3 (
n52`

`

sin~ un1bup/a!e2(un1but2 ind)/a, ~9!

which holds fora.1/2 ~smaller values can be considered
taking into account terms that were omitted!, and is crucial to
implementing renormalization and to performing the integ
tion over n in Eq. ~8!. ~It should be pointed out that th
integral representation forI s mentioned above has prev
ously been used in related contexts@14,26#.!

Using Eq.~9! in Eq. ~8!, we obtain

GF ~x,x8!5GF
0 ~x,x8!1G(a,k)~x,x8!, ~10!

where GF
0 (x,x8) is the Feynman propagator in th

Minkowski spacetime and

G(a,k)~x,x8!ª
~ ip!1/2

16p4a
E

0

` dT

T3/2
ei $[ r 21r 822(t2t8)2]/4T2m2T%

3E
2`

`

dne2 iTn21 i [(Z2Z8)2k(w2w8)/a]n

3 (
n52`

`

e2 in(w2w8)/asin~ un1nkup/a!

3E
0

`

dte2(rr 8/2iT)cosht2un1nkut/a. ~11!

Observing the sine factor in Eq.~11!, for a51 and k
50 Eq. ~11! vanishes, leaving in Eq.~10! only the
Minkowski contribution, as should be. In order to build u
observables withGF (x,x8) ~cf. the next section! its ultravio-
let divergences must be eliminated, which can be done s
ply by droppingGF

0 (x,x8) in Eq. ~10! ~as the background
geometry of a cosmic dispiration is locally flat@cf. Eq. ~1!#,
all the ultraviolet divergences are encapsulated in
Minkowski contribution@6#!.

A more workable expression for the renormalized prop
gator of a massless scalar fieldD (a,k)(x,x8) can be obtained
by inserting in Eq.~11! d@l2(n1nk)/a# ~obviously ac-
companied by integration overl). Recalling thatf (x)d(x
2y)5 f (y)d(x2y), one uses Eq.~6! before evaluating the
Gaussian integration overn. Finally, the integrations overl
andT are separately evaluated@25#, resulting in
D (a,k)~x,x8!5
i

2p2 (
n52`

` E
0

`

dt
@t21p22~2pan2Dw!2#@r 21r 8212rr 8cosht1~DZ22pnk!22~Dt !2#21

$@p~2an11!2Dw#21t2%$@p~2an21!2Dw#21t2%
, ~12!
2-2



re
an
s
e

no
sm

RENORMALIZED SCALAR PROPAGATOR AROUND A . . . PHYSICAL REVIEW D67, 124002 ~2003!
whereDtªt2t8, and likewise forw andZ.
As k→0, the summation in Eq.~12! can be evaluated by

considering the power series expansion ofc(x) ~the logarith-
mic derivative of the gamma function! and its properties,
yielding as the leading contribution a familiar integral rep
sentation@27# for the renormalized scalar propagator in
ordinary conical background (k50). On the other hand, a
k→`, the expression for the leading behavior is obtain
from Eq. ~12! by ignoring the summation and by settingn
50, resulting in an integral representation which does
depend on either the parameters characterizing the co
dispiration.
lo
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IV. APPLICATION

In the following Eq.~12! will be used to calculate vacuum
averages.

A. Šf2
„x…‹

Formally ~see e.g.@4#!, the vacuum fluctuation̂f2(x)&
can be obtained by settingx85x in Eq. ~12!, and multiplying
the resulting expression byi,
^f2~r !&52
1

8p2r 2E0

`

dt
1

~p21t2!cosh2~t/2!
2

1

4p2r 2E0

`

dt

3 (
n51

`
t22p2~4a2n221!

@p2~2an11!21t2#@p2~2an21!21t2#@cosh2~t/2!1~npk/r !2#
, ~13!
nce

f

m

at-

-

ts

or-

to
which does not depend on the direction of the screw dis
cation, i.e., on the sign ofk. The considerations at the end
the previous section lead to the fact that ask/r→0, Eq.~13!
yields as the leading contribution

^f2~r !&5
1

48p2r 2
~a2221!, ~14!

which is the known@28# behavior around an ordinary cosm
string. Ask/r→`, the leading contribution is now given b

^f2~r !&52
1

48p2r 2
, ~15!

where the integral in the first term of the right hand side
Eq. ~13! was evaluated numerically.@It is rather curious that
Eq. ~15! follows from Eq.~14! by settinga→`.#

FIG. 1. The intermediate plots, from the bottom, correspond
k51.5,1,0.7,0.5, respectively.
-

f

Apart from theses asymptotic behaviors, the depende
of ^f2(r )& on r is nontrivially hidden in Eq.~13!, requiring
numerical analysis. The plots~where units are omitted! show
how ^f2(r )& varies withr for various combinations of val-
ues ofa andk.

WhenkÞ0, Eq.~14! shows that for very large values o
r disclination effects are dominant~see Figs. 1 and 2!,
whereas for very small values ofr, according to Eq.~15!,
screw dislocation effects rule in a way typical of vacuu
fluctuations near boundaries@5# @near the dispiration̂f2(r )&
is essentially independent of the cosmic dispiration
tributes#.

For arbitrary values ofr, numerical and analytical exami
nation shows that whena>1, ^f2(r )&<0 ~see Figs. 2 and
3!. Whena,1 the screw dislocation and disclination effec
compete, causinĝf2(r )& to have a maximum which, by
simple dimensional considerations, is found to be prop
tional to 1/k2, and whose correspondingr 5r M is propor-

o FIG. 2. The intermediate plots, from the bottom, correspond
k51,0.5,0.3,0.1, respectively.
2-3



r

u
e
l

an
u

-
b

-
d
d

a

long
an

-

ff-

to

V. A. De LORENCI AND E. S. MOREIRA, Jr. PHYSICAL REVIEW D67, 124002 ~2003!
tional to uku ~see Figs. 1 and 4!. A similar analysis reveals
that, whena,1, ^f2(r )& vanishes atr 5r 0, which is obvi-
ously also proportional touku.

One notices that, for anya,1, r 0 and r M move toward
r 50 as uku decreases~see Fig. 1!. For a givenkÞ0, asa
decreases from unity,r 0 andr M also move towardr 50 ~see
Fig. 4!.

It should be appreciated that whena,1, the k50 and
kÞ0 behaviors differ radically from each other asr→0;
namely, fork50 ^f2(r )& diverges positively, whereas fo
kÞ0 ^f2(r )& diverges negatively@see Eq.~14!, Eq. ~15!
and Fig. 1#.

It should be pointed out that, whenkÞ0, Eq. ~14! is the
leading contribution asr→` only when aÞ1. When a
51, Eq.~14! vanishes and the sub-leading contribution, d
to the screw dislocation, takes over. Dimensional consid
ations may suggest that such a contribution is proportiona
k2/r 4. Nevertheless, an analysis seems to show that^f2(r )&
falls differently asr→` ~see Figs. 3 and 4!. @In fact, Eq.~13!
is not very handy to determine sub-leading contributions,
an alternative expression can be more useful for this p
pose.#

B. ŠTµ
n„x…‹

As is well known~see e.g. Ref.@4#! the vacuum expecta
tion value of the energy momentum tensor can formally
obtained by applying the differential operator

FIG. 3. Plots corresponding to screw dislocation effects.
12400
e
r-
to

d
r-

e

D m
n~x,x8!ª~122j!¹m¹n822j¹m¹n

1~2j21/2!dm
n¹l¹l8 ~16!

to the renormalized scalar propagator,

^Tm
n&5 i lim

x8→x

D m
n~x,x8!D (a,k)~x,x8!. ~17!

By using Eqs.~12! and ~17!, a detailed analytical and nu
merical study of^Tm

n& ~along the lines of that presente
above for̂ f2&) is possible, but rather lengthy to be include
here. Only the behavior of̂Tm

n& far away from the dispira-
tion will be presented below.

As mentioned previously, whenk→0 the dominant con-
tribution in Eq.~12! is the renormalized propagator around
disclination. It follows that ask/r→0, Eq. ~17! yields for
the diagonal components essentially the expressions
known in the literature for the vacuum fluctuations around
ordinary cosmic string (k50) @7–9#. Regarding the remain
ing components, the prescription in Eq.~17! kills off the
dominant contribution in Eq.~12!, with the result that the
subleading contribution yields two nonvanishing o
diagonal components,

^Tw
Z&5

i

r 2
lim

x8→x

]w]ZD (a,k)~x,x8!5
k

r 6
B~a! ~18!

and

^TZ
w&5

k

r 4
B~a!, ~19!

where

FIG. 4. The intermediate plots, from the bottom, correspond
a51.5,0.95,0.9,0.83, respectively.
B~a!ª
1

32p3a2E0

`

dt
asin~p/a!@cos~p/a!2cosh~t!1tsinh~t!#2p@cos~p/a!cosh~t!21#

@cosh~t!2cos~p/a!#2cosh4~at/2!
. ~20!

It is worth remarking that, unlike the diagonal components,^Tw
Z& and ^TZ

w& do not depend on the coupling parameterj.
The plot ofB(a) against the disclination parametera is shown in Fig. 5. Whena51, the integration in Eq.~20! can be

analytically evaluated@25#, resulting inB51/60p2 which corresponds approximately to the value ofa suggested by the
physics of formation of ordinary cosmic strings@1#.
2-4
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It is instructive to display both disclination and screw d
location effects in the same array. Whenj51/6 ~conformal
coupling!, for example,̂ Tm

n& with respect to the local iner
tial frame @see Eq.~1!# can be cast into the form

^Tm
n&5

1

r 4 S 2A 0 0 0

0 2A 0 0

0 0 3A kB/r 2

0 0 kB 2A

D , ~21!

whereA(a)ª(a2421)/1440p2, and which holds far away
from the defect~and for aÞ1, whenkÞ0). @When kÞ0,
by settinga51 in Eq. ~21!, A vanishes and subleading co
tributions depending onk take over.#

V. FINAL REMARKS

This work presented a renormalized expression for
Feynman propagator of a scalar fieldf(x) around a cosmic
dispiration. The propagator was then used to calcu
^f2(x)& and the asymptotic behavior of^Tm

n(x)& as prelimi-
nary exercises to tackle more elaborate vacuum fluctuati
The expectation is that the results may be useful in cosm
ogy and condensed matter physics. A few remarks are
order.

It was argued in the previous section that, as far
^f2(r )& is concerned, disclination effects are dominant o
screw dislocation effects whenr→`, and the other way
around whenr→0. This result should not be extended to
vacuum fluctuations without caution, since some of them
obtained from the renormalized propagator by applying p

FIG. 5. Plot ofB(a) versusa.
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scriptions which may eliminate the dominant contribution
Eq. ~12! @see e.g. Eqs.~18! and ~19!#.

The eigenfunctions in Eq.~5! have the form

R~r !x~w!exp$ i ~nZ2vt !%,

wherex~w12pa!5exp$2i2pnk%x~w!. This boundary condi-
tion is typical of the Aharonov-Bohm setup wherenk is
identified with the flux parametereF/2p. By carrying over
to the four-dimensional context lessons from gravity in thr
dimensions@29,30#, it follows that the chargee and the mag-
netic fluxF should be identified with the longitudinal linea
momentumn and 2pk, respectively@17#. ~In fact the roots
of this analogy lie in the gauge theory aspects of gravi!
According to this picture, one interprets the polarization
fect displayed in Eq.~19! in the following manner. A dispi-
ration ~more precisely, a screw dislocation! polarizes the
vacuum of a scalar field, inducing a flux of longitudinal lin
ear momentum around the defect. Such a flux depends on
direction of the screw dislocation~i.e., on the sign ofk) in
the same way that vacuum currents around a needle sole
depend on the direction of the magnetic flux@31#.

Symmetry considerations show that the geometrical ba
ground of a cosmic dispiration is closely related to that o
spinning cosmic string@17#, which is also locally flat@see
Eq. ~1!# with a time helical structure characterized by t
identification (t,r ,w,Z);(t12pS,r ,w12pa,Z) @instead
of the space helical structure in Eq.~2!#. Such a helical time
structure poses serious difficulties when implementing qu
tization, since the corresponding spacetime is not glob
hyperbolic@5#. In fact, by insisting on implementing quant
zation with the usual procedures, one ends up with obs
ables presenting pathological behavior@15,16,29#. @^f2(r )&
around a spinning cosmic string can be obtained from
~13! by takingk→ iS, rendering the vacuum fluctuation d
vergent@15#.#

The summation in Eq.~13! could, in fact, be evaluated
The resulting integral representation for^f2(r )&, however,
does not offer either analytical or computational advanta
It is given by Eq.~9! of Ref. @15#, after replacingS by ik.
@Incidentally, it can be noticed that the factor sin(x/a) in Eq.
~9! of Ref. @15# is a misprint which should be read a
sinh(x/a).#
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